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1 Introduction to Modular forms and L-function

The goal of this paper is to study and understand [AHLS20] which establishes subconvexity bounds
for twisted L-functions. For this, we need to learn about a few concepts. We will start by talking
about lattices, then we will define modular forms. We will then continue on L-function of modular
forms. Finally, we will look at twists of L-functions and some examples.

1.1 Lattices and Modular Symmetry

We will approach modular forms from a geometric perspective. A lattice A in C is a discrete subgroup
generated by two complex numbers w; and ws that are linearly independent over the real numbers.
In other words,

A = Zw + Zwo,

with wy,ws € C linearly independent in R.

Geometrically, this lattice corresponds to all the points in the complex plane you get by integer linear
combinations of the two basis vectors w; and we. The points form a repeating grid, like the corners
of parallelograms tiled across the plane.

However, the choice of generators wy,ws is not unique. In fact, two pairs (w1, w2) and (v1, v2) generate
the same lattice if and only if there exists a matrix

(i Z) € GLy(Z),

{Ul = awy + bwo,

with determinant +1, such that

Vg = cwi + dws.
We often want to consider lattices up to scaling, meaning that A and AA for A € C* are considered
equivalent since they represent the same complex torus up to isomorphism.

To understand lattices up to this equivalence, it is common to fix one generator and write 7 = wq /wa,
which lives in the upper half-plane

H = {z e C:Im(z) > 0}.

Why the upper half-plane? Because we want the lattice generators to form a positively oriented basis,
which translates into the imaginary part of 7 being positive.

Now, the group SLo(Z), consisting of integer 2 x 2 matrices with determinant 1,
a b
SLQ(Z):{(C d):a,b,c,deZ, ad—bc=1}

_ at +b
cr+d’

acts on H by

for v € H. This action encodes how changing the lattice basis changes the parameter 7. Two points
in H that lie in the same orbit under this group correspond to lattices that differ by a change of basis
in SLy(Z).

1.2 Modular Forms: Definitions and Properties

Let k € N. A modular form of weight & (for the full modular group SL2(Z)) is a holomorphic function
f:H — C that satisfies:



1. Modularity: For all v = (CCL Z) € SLy(Z),

f <‘” * b) = (er + d)*f (7).

ct+d

2. Holomorphicity at the cusp: The function f remains bounded as 7 — 400, or equivalently, the
function

8

_ Z )\f(n)e%rin‘r _ /\f(n)q", with ¢ = 6271'17'

n=0

has a Fourier expansion with no negative power of q.

The space of such functions is denoted My (SL2(Z)), or sometimes simply M.

A modular form f € My is called a cusp form if it vanishes at the cusp, meaning the constant term

in its g-expansion is zero:
oL

f(r) = 2 Ar(n)q"

The space of cusp forms is denoted Sy < M. One can see that cusp forms decay rapidly as
Im(7) — oo.

One example of modular form is the Eisenstein Series. For even integers k > 4, the Eisenstein series
of weight k is defined by

where By, is the k-th Bernoulli number, and ox_1(n) = Zd|n d*~1! is the sum of the (k — 1)-th powers
of the divisors of n. Each Ey(7) is a modular form of weight & for SLo(Z). However, it is not a cusp
form, since it does not vanish at the cusp oo, in fact, its constant term is 1.

Another such example is the Ramanujan tau function. It is defined as

x 0
=q H(l _q Z 7_ 27rz‘r
n=1

n=1

This is a cusp form of weight 12.

1.3 Fourier Expansions and Twisted L-functions

Let f(7) be a modular form of weight k for SLy(Z). Since f is invariant under 7 — 7 + 1, it admits
a Fourier expansion

o«
_ Z )\f(n)qn7 q= eQﬂ'rr

with As(n) € C and A\;(0) = 0 if f is a cusp form. One associates to f a Dirichlet series

which converges absolutely for Re(s) sufficiently large. When f is a normalised Hecke eigenform, the
Fourier coefficients A¢(n) satisfy multiplicativity relations Af(mn) = Ag(m)As(n) for (m,n) =1 and
A7) = Ar@)As (") = PN (p7?) for primes p.

These relations imply that L(s, f) admits an Euler product expansion:
s o 1
L(s, /) =[]0 =Xplpp* +p*172) ",

P

which is analogous to the Euler product for the Riemann zeta function.
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The L-function of a cusp form extends to an entire function and satisfies a functional equation relating
s to k — s. It is natural to then extent this to a twisted version using Dirichlet characters.

Let x be a Dirichlet character modulo M. The twisted L-function is defined by
90
S Ar(n)x(n
L(s,f®x) = Z %
n=1

This series converges for Re(s) large enough and extends to a meromorphic (in fact, entire if f is a
cusp form and x is primitive) function. The twisted L-function has also an Euler product:

Lis.f@x) = [T (1 = x®Asp)p~* +x(p)%p" %) ",

p

provided f is a Hecke eigenform and x is primitive.

1.4 Burgess bounds
Understanding the size and distribution of twisted L-values, as well as bounding them in critical
regions, is a very interesting topic of study.

A central problem in this direction is to bound L(s, g ® x) for a fixed Hecke cusp form g and varying
Dirichlet character x (mod M), especially at points on the critical line such as s = 1/2. The trivial
or convexity bound gives L(1/2, f ® x) « MY?*¢ but we may want stronger bounds, known as
subconvexity bounds.

One of the most influential results in this direction is the Burgess bound, originally established in
the case of Dirichlet characters. It shows that nontrivial cancellation in character sums leads to an

estimate of the form
L(1/27X) e M1/4_1/16+E.

A natural question, is whether one can apply such Burgess bound for L-function of a Hecke cusp form
g twisted by a primitive Dirichlet character x of large conductor M. Indeed, the main theorem we
wish to prove in [AHLS20] goes as follow:

Theorem 1.1. Let g be a fized Hecke cusp form for SL(2,Z) and x be a primitive Dirichlet character
modulo a prime M. For any € > 0,

L (;7g®x> <<g,g M1/2_1/8+E~

We now prove this theorem according to [AHLS20].

2 Some Notations and Lemmas

We start by defining the basics that we will use throughout the proof.

Firstly, for a smooth V' with bounded derivatives, or equivalently V) « ;j 1, its Fourier transform is
defined by

V(z) = f V(u)e(—zu)du.
R
Where e(x) = €2™®. Repeated integration by parts gives us
V() <a (142", (1)

for any A > 0.

Then we have a look at what is called the Trivial delta method.



Lemma 2.1. Whenever one has q > |n| we get

12; Izd

L)

Proof. We first notice that every number n mod ¢ can be uniquely written as a - b with a | ¢ and

)

bt %. Indeed b is uniquely determined by a and taking a = (n,q) shows existance as b | (nT’q would

imply ab # ¢ and uniqueness comes from the fact that if a < (n, q) then we must have b | % which
is a contradiction. From this, we write

Sn=0)=d(n=0(modg) =~ 3 e“2)

qamodq q
akn
I IR SENIINES S
k\qamod i k\qamod(' c|q a mod ¢
1 1
(a,2)= 1 a,c)= a,c)=
by setting ¢ = £. O

From this, we observe that §(n = m mod ¢) = §(n — m = 0 mod q) and hence

d(n=mmod q) = Z Z )

c\q a mod ¢

*
Where Z o o 8 the sum over (a,c) = 1.
We continue by defining a very useful formula.

Lemma 2.2. (Voronoi summation formula, [KMV02, Theorem A.4]) Let g be a holomorphic Hecke
cusp form of level 1 and weight k with Fourier coefficients A\g(n). Let c € N and a € Z be such that
(a,c¢) =1 and let W be a smooth compactly supported function. For N > 0,

S e () () = % S (T2 7 (1),

Here, W\//g is an integral transform of W given by

o0
(y) = J W (x)2mi* Ji_ 1 (An\Jfyz)da
0
where Ji is the Bessel function. We as well have, for any A =0

Wy(z) «a (1+]a))™

Another very useful bound to take care of Fourier coefficients is:

Lemma 2.3. (Ramanujan bound on average [Mol02]) Let W be a smooth function with compact
support contained in Rxq, satisfying w) < 1. Then

3 v () < x. (2)

n=1

3 The set up

To start the proof, we begin by defining for N > 1,

= 2 Ax(mW (%) 3)

where W is a smooth bump function supported on [1, 2] with bounded derivatives. Using Ramanujan
bound on average, one can already deduce S(N) « N*e.
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Remark 3.1. We note that for what follows, whenever we reference e, we talk about an arbitrarily
small quantity. This € can change by a constant factor from line to line. As we only have a finite
number of operations, € will still be arbitrarily small.

This means that if we have for instance L = M2, then we can write L = ME®, as this is just
replacing € by 2e. This will allow us to best follow [AHLS20].

We now derive the following.

Lemma 3.1. For any 0 < 6 < 1, we have

1 |S(V)| 1/2-6/2
L ,g®x) < M* sup P MR 2
(2 Ne(M1—s Mty VN

where W is a smooth bump function supported on [1,2] with bounded derivatives.

Proof. From the approximate functional equation formula [IK04], we get

o8]

L(oex) = 3 MOy, (1) g0 3 N0y, (1)

n=1 n=1

We now partition the sum dyadically. Let ¥y be a smooth function supported on [N/2,3N] with
Yn(n) =1 for n € [N,2N], and satisfying uniform bounds on its derivatives.

Then,
L(3,9®x) <), Z Vi (%) ¥ (n),
N n=1

where the sum over N runs over powers of 2 in the range M=% < N < M'*¢. We can bound the
inner sum by

G Ag(m)x(n) |,
LA (37) ¥w(n )«T'S( It

And, as there is at most O(log M) many dyadic values of N, we can bound the sum by

1 |S(V)| |S(V)| 1/2-6/2
L ,g®x> « « M* sup T M2 2
<2 M1—6<;<M1+5 \/N M= < N<Ml+te \/N

From one side bounding trivially when n < M=% and when n > M'*¢, we use the rapid decay of V'
to have arbitrarily power saving in M. O

We now define £ to be the set of primes [ in the dyadic interval [L,2L], where L < M'"¢ is a
parameter to be determined later. We then denote L* = Y),_, [\4({)|?. One can see that

1
= >IN = Z Ag(D]?logl = —— Z A(n) |\ (n)]? — DT g(n)logp,
logL log L
lel n=p"e[L,2L]
k=2

and we observe that the error term

1 ) 1 .
Z [Ag(n)]“logp « oz L Z logp « O(L"7°).

log L
& n=p*e[L,2L] n=p"e[L,2L]
k=2 k=2

Using the prime number theorem for automorphic representations [LWY05, Corollary 1.2], one gets

1 L
* = A 2 L9 = .
e L EL (n)[Ag(n)|* + O(L" ™) e L

We can then proceed similarly for a parameter P and the set P of its primes p in the dyadic inteval
[P, 2P] toget P* =% p1= logP We choose P and L such that P n L = (.
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Let pe P,n=NL,and r < N. For ¢ > 0 and PM » (NL)'*¢, the condition n = 7l is equivalent to
the congruence n =l mod pM as rl < pM. Since N < M'*¢, we assume that

P>» L'e (4)

The main sum of interests S(N) can be expressed as

W= SN () = 52 5 3 xemnnw (5)

n=1 leL n=1

Using the fact that

where V is a smooth function supported on [1/2, 3], we can rewrite

=5 oo () S o= ()
S S0 () 5 o - eow () ()

Using the Hecke relation, we get

0500 (35) S (5 s = ()" + 0

We finish by applying the trivial delta method with ¢ = pM to get

SOV = o SR Y 53T S ame () () W ()

lec pep P c|pMamodcn 1
—iv 1+4e
S () () V() oY)

Here, adding the V (#) allows us to control the bound on N smoothly which will be useful later.
Indeed, V here is a smooth function supported on [1/2,3] constantly 1 on [1,2] and with bounded
derivatives. The O(N'T¢L~!) error term comes from the Hecke relation

Ag(rl) = Ag(r)Ag (1) — 6110 Ag (1) Ag (r/1).

Additionally (n/rl)™ is essentially just multiplying by one and will allow us to control, in the future,
the poisson summation formula. Here

S(N) = Z g

lel

vi= M°®. (5)

The next step that we would like to take is to apply dual summation formulas to the n and r-sums,
followed by applications of Cauchy-Schwarz inequality and Poisson summation to the n-sum.

4 Application of dual summation formulas

Let us come back to our expression of S(N) from the set-up. Namely,

S = i SR X o7 % 3 S () (57) W ()

leL pGP c|pMoz mod cn=

<3 (T (5) v () +o (Fr) - o




By applying Voronoi summation formula to the n-sum above and using that g is a cusp form we get

S0 = P SRTN oy 3 X S e (T2 ()

lel ;DEP c\pMoz mod ¢ n=1
~ —arl —iv r N1lte
ZX () @) ) o ()
v NI
e ——— )\ l )\ (n )
L*P = o ,;:pM C%/[ nZ:l 2
= * —an — —iv 1+e
S TG0 o)
N . A rNiv
= Ipr 2)\ lz ] Z Z Agl( < = ) Z x(1)S(rl,n;c) (N) 174 (N)
lel peEP c\pM n=1 r=1

—an—arl

where S(rl,n;c) = Z* 4 ( 5 ) and I\/I//v)g denotes the Hankel transform of the function
« mod c

W (y) := ¥y W (y), defined in (2.2). Using a stationary phase argument (see for the details), the
function W, 4(x) is negligibly small, unless z = v? = M?. Hence the n-variable above is supported
on n = c?v?/(NI).

Before applying Poisson summation formula to the r-sums, we have to introduce a few notations. For
a,b € Z, we let (a,b) be the greatest common divisor of a and b, [a, b] their least common multiple,
and ap = a/(a,b). Note that if a is squarefree, then (b, a;) = 1 by prime factorisation.

Currently, the r-sum is expressed as

S (220 )

where V,(y) := y~®V (y). We will break this sum modulo [¢, M],

i (arl)vv(]:f): S Y 8+ rfeMe (aﬁ—i—rcM])l)Vv(B—k?iN[c:,]\ﬂ)

r=1 B mod [¢,M] r€Z
B+ re, M]
N

- B S (F)u
-y X(B)e< ) s (e

B mod [ 1r€Z
B mod [¢,M] reZ

d

and apply Poisson summation to get

e, S e (=) 2 (wam) 7 ()

B mod [¢,M]

This can be seen as




by the change of variable s’ = W We rewrite this as

ezl S x@e (57 () |7 ()

r€Z \ 8 mod [¢,M]

which using the relation [¢, M| = Mcjps, makes the S-sum

S @ (T 5 (eI

B mod M B mod car
=X ((r —alMc)enr) gy x eprd(r — alM, = 0 mod cpr),

where g, is the Gauss sum. By repeated integration by parts (1), we can truncate the r-sum whenever
r & [¢, M]N¢/N, up to a negligible error. We then have

Ngy —(( —\T) rN —2025
A > E x((r alMc)cM)Vv<[C’M]>+O(N ).
|r|«[e, M]N®/N

r=alM. mod cps

Putting this in (7)) by expending S(rl, n;c) yields

SO = 31r SRS, o7 35 5 S ate (=

~ niNl
Wy (55
PE'P r|pM € mod cn=1

~ rN N1te
x > X((r — alM.)ear)Vs <[c M]) +0 (L > :
|r|«[c, M]N®/N ’
r=alM. mod cps

Let us now try to bound this sum when ¢ = 1,p, M. When ¢ = 1, 171//1,757 gives us arbitrarily small
contributions. When ¢ = p, W, 4 gives us again small contributions as we will choose P such that

P2 < M'°L. (8)

Finally, when ¢ = M, we have

NI
ML*P*ZA ZZ M2Z)\ <T]l\42)

lel pE’P
* —an ~ (TN
x Z Z X(r—al)e < )) Vi ()
[rl« MN¢/N (a mod M M M
2/N1
N2g, log Llog P 1ML MN*
<<M1/2X—_le+827 2 nf x
3
M°LP lel pePp n=1 N
1
« MI/QN gy log Llog® P ZZHE %2 ¢ MNe
M3LP NI N
lel
log Llog? P
M1/29X - L-M:¢
« ~—Ip

M
MLP)® —
< ( ) iz

This is obtained using [AHLS20, Lemma A.1] to get Z* X(r—al)e (522) « M*/? and using

a mod M
that |g,| = M'2. We now have that
M N
S(N)=S*(N)+O<(PML) (P + L))’ (9)
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under the condition

where

P? < M'7°L, (10)
* N? VTG
S (N M3L*P* Z )\ l Z

leL peP Z)\ V (:]]\\%)
Y (a S X0 —al)e < ) rEalmodp)) v, (;\]\;>+O(N_2025).

|r|«pMN<=/N mod pM

Using (p, m) = 1, the sum Z* o mod pif xX(r—al)e <%§/}1) d(r = ol mod p) factors as

Z* ( 2* Y(T - (O[M + a/p)l)e (W—i_a/p)n> 5(T = (aM + alp)l mod p))

a mod p " mod M pM
R . —all gy
= 2 ( Z X(r — a'pl)e ( aMn) e ( aj\;m) d(r = aMI mod p))
a mod p \& mod M p p
* —aMn ., — * —an
= 2 e i 0(Fl = aM mod p) x Z X(r —al)e i
«a mod p p a mod M p
—rMnl * —ap
=e< ! n) Z X(r—al)e( ?\Zm)
p a mod M

Since we know (a, pM) = 1 and that (I,p) = 1 from P n L = & we must have (r,p) = 1, we can then
rewrite S*(N) as

2g 2 _FNn
S*(N)=%ZA Z oy ) Z (Ml> (11)

peEP P (r,p)= p
* —apnl\ ~ [ TN\ = nNl
X Z X(r + 0[)6 ( ) VU <> W’U,g (22 .
a mod M M pM p M

Remark 4.1. If we now try to estimate the sum S* directly we would get

N2MY?2 P2M? ,1 PM

P NL LN M« NP,

S*(N) « N*¢

which falls short of O(PM™) from the target bound O(M'="). In the next section, we will use
Cauchy — Schwarz to smooth the n-variable and apply Poisson summation thereafter to obtain extra
saving.

5 Cauchy-Schwarz and Poisson Summation

Recall from the previous section that the n-sum is supported by Wq,v on n ~ (pMv)?/(NI). We set

p2 M2v2

Mo="F1

(12)

We can there arrive, up to an arbitrarily error, at
. N2+e
S (N) <« L*P*M5/2 Z |)\ < ) Z)\

peP
* apnl\ —~ (TN \ >~ niNl
Z X(r +a)e (M ) Ve <W> Wy <p2M2 .

a mod M




Here U is a smooth function with compact support contained in R~ (. Applying the Cauchy—Schwarz
inequality to the n-sum and then using the Ramanujan bound on average gives

S*(N) « (MNL)E%A;W (§1|Ag(n)|2U (X}(})) (Z U( ) PIRNO) ZZ X

nz1 leL PP
o\ 1/2
_mnl * Fpnl g T,N - an oo
< X () I s (F) R (5) W ()| |+
N2 1/2 g 1/2 2025
« (NML)® LPM5/2N S*(N,No)*? + N (13)
where
* n x(p) —rMnl
S*(N,No) = ZU(N) PRVGIDIES <Y e(
nz1 0/ liec per P =1 D
2
f— apnl\ —~ (rN\ =~ [ nNI
Ar VU AT W'u RS .
XagiMX(rJra)e( M> (PM> <p2M2

Opening the square in S*(N, ) and switching the order of summations allows us express

—~ (1 N\ ~ (2N
e 3 3, S 5 ¢(28) ()
lil2el p1,p2€P p1p2) (r1,p1)=1 p1 D2
(r2,p2)=1
x Z X(r1 + a1)x(re + ag) x T, (14)
a1 mod M
as mod M
writing
T = i . (—ranh) . (7’2Mﬂlg> . <a1p1nll — a2p2n12>
n=1 pl p2 M

n\~ [ nNIli\ >~ [ nNl
Ul— | Wy | 5= | Ws .
<N0> (prQ) <p§M2>
As in the rapid decay of I\/I//'v allows us to truncate the ri,ro-sums at r1,72 « NPM/N,
at the cost of a negligible error. For smaller values of r; and 79, we will use the trivial bounds

‘//; (;iﬁ) ,‘//; (;;ﬁ) « 1. We start by breaking T’s n-sum modulo pyps M,

T — Z Z e (—7"1Mbl1> e (TgMle) e (Oélplbll]&()gpgblg>

neZb mod p1p2 M P P2

b+ npipaM\ = ((b+npipoM)NIL\ ~ [ (b+npipaM)Nlsy
——— | W, W, .
v ( No ) ( piM? psM?

By doing this, we can expect some cancellation from the e(-) when applying Poisson summation

10



formula. Additionally, Poisson summation formula will permit to truncate the sum even more. Indeed,

<—T1Mbl1) (TQMle) (Oélplbll — a2p2blg>
Z e e e M
b mod p1pa M p1 D2

8 Z U (b + np1p2M> W/U ((b + nppoM)Nh) Wv ((b + nplng)Nl2>

T

neZ NO p%Mz p%M2
<—’I“1Mbll> (TgMblg) (alplbll — Oégpgblg)
= Z & (& € M
b mod p1pa M 1 P2
b+ yp1p2M> = <(b + yplng)Nll> = ((b + yplpzM)Nb) i
X — W, W, e ™" dy.
ng’ < No piM? p3M? g

Applying the change of variable x = (b + yp1p2M) /Ny, yields

T — Z e (—T‘lell) e (TQMle) e (alplbll]\;mbb>

b mod p1p2M P P2

No = (Z’N@Nh) ~ (l‘Nong) (b— Z‘No )
X U)Wy | ——— | W, e n | dx
g]zplmM (@) piM? p3M? pip2M

o3, 3, () ()

p1p2 neZb mod pip2 M P P2

e <a1p1bl1 — Ozgpgblg) e < bn > j ( ’IINO )
M p1p2 M pip2M )’

nNy ~ (zNoNL\ ~ [zNyNls —na/Ny
J( ):=fom,<>Wv< e dz.
p1p2M R (=) piM? psM? p1p2M

nNo
p1p2 M

saving in N if |n| » Nep1pa M /Ny. Hence, we can truncate the dual n-sum at |n| « N1*¢L/(Mv?),

nNg
p1ip2 M

where

By repeatedly integrating by parts, we can see that the integral J ( ) gives arbitrarily power

at the cost of a negligible error. For smaller values of n, we use the direct bound J « 1.

Using (p1p2, M) = 1, we get

Z T ((—nllpg +73 + n)MblM)

n€Z by mod pips P1p2
(a1lip2 — alopr + n)pip2bapipe nNo
X ¢ M J M
bs mod M P1p2

Z 2 . ((—7“111102 + 72lopr + n)Mb>

n€Z b mod p1p2 P1p2

< 3 e <(all1p2 —a*zjl\zpl +n)plp2b> 7 ( nNy )

b mod M p1p2M

=No 2 5(a2 = lopy [@ilaps + n) mod M).J (
n|«Ne 2Ll

—71l1p2+T2l2p1+n=0 mod pi1p2
(Tlllp2+n,N])=1

plpz

p1p2M

nNo

o M) +O(N72025).
1P2

It is important to notice that 7; is the inverse of r; mod p; (and not mod p1p2). Setting R = N*PM /N

11



and substituting this into gives us

. B - 1
S*(N,No) « N™29% 4 Ny ‘)\g(l1)ll)\g(l2)l2‘ >, TS 2
ly,l2eL prpaep \P1P2 0#|r1],[r2|«<R
(r1,p1)=(r2,p2)=1

x > €]
|n|«N¢ Tplp%M

—7r1l1p2 +72l2p1 +n=0 mod p1p2

where

¢ = Z* x(r1 + a)x (7"2 + lapy (m)) . (15)

«a mod M
(alipa+n,M)=1

We now separate the sum in two cases, when [y # l3 and when [; = l5. In the first case, we apply the
Cauchy-Schwarz inequality to the /;-sums. This allows us to get rid of the Fourier coefficients A\, (1;)
by using the Ramanujan bound on average. Then,

S*(N,Np) « S§(N,No) + ST(N,Np) + N~202

with
* — |2 1
SN, No) < No Y A1 Y] D) D €|
leC prpaep P1P2 0#|r1],|r2|«R |n|«N© LE2M
(7'1 ,p1)=(7“2,p2)=1 —Tr1lp2+7T2lp1 +n58 mod p1p2
and
1 2\ 2
ST(N,No) « NoL® (L2 > z%zgl > i)’ 3] ) |¢|] ) .
l1#l2€L p1,p2EP P1p2

0|1, |rz |« R |n\<<NET”“’%M

(rip1)=(r202)=1 5y, 10 4 rlapy +1=0 mod pyps

We will then choose P < M'~97¢ so that R < M and thus (r;72, M) = 1. We are then only left to
count the number of terms satisfying the congruence conditions and bounding the sums.

We will separate the cases. The first (A; and 1) when n = 0 mod M and the second (As and X5)
when n % 0 mod M. This way we write

Sy(N,No) « No(Aq + Ayz),
ST(N, Np) « NoLE (21 + %)Y/

5.1 When M divides n

We will start by proving the following lemma.

Lemma 5.1. [AHLS20, Lemma A.2] Suppose that (rira, M) = 1. If M | n, we have
<= X(QB)RM(Q - 7"1045) — x(rar1),

where Ryr(a) = ZZGFJXW e(az/M) is the Ramanujan sum. If M tn and at least one of r1 — TP and

ro + N s nonzero in Fyy, then
¢« M2,

Finally, if n # 0 and ry —nf =12 + na = 0 in Fyy, then

| =x(nr2p) if X is not a quadratic character,
x(mraB)(M — 1) if x is a quadratic character.

12



Using this lemma and applying parameters («, 8) = (lap1, l1p2) gives us

— O(M), if rolips = r1lopy mod M
€ = x(laprlipd' ) Ras (2 — rilaprlips) x (raT1) = (M) 2ib2 = in
O(1), otherwise.

According to r3l1ps = r1lop; mod M or not, we write

A=A+ A1l and X =29 + 211,

where
S 1
ro =SR] 3 5 Y
: g 2 )
leL P1,p2€P (p1p2) 0#|r1],|r2|<R |« N€BLERM
(7“17111):7(7“24’2):1 —71lps +Elp1+n58 mod pi1ps
T2P2=p TP n=0 mod M
and

2
1
TEEL ) ) wl.
Iy #l2€L p1,p2EP P1P2 0#|r1],|r2|<R |n|«N® p1ppM
(r1,p1)=(r2,p2)=1 __ — 0
I —71l1p2+7T2l2p1 +n=0 mod p1p2
r2lip2=), r1l2ps n=0 mod M
A1; and Xp; are the same sums with the congruence condition rolyps # r1lop; mod M and summing
1s and not Ms. Opening the square, we write X1 and 17 as a sum over l;, n,n’,r;,r., p;,p; for
1 = 1,2. Then, under the assumption
P2L < N'7¢ (16)

we show
LS L3M?

210 < (PML)EW and Al() < (PML)EW (17)

Proof. We recall |ry|] < R = N*PM/N, along with P2L < N'=¢. Thus, rolips = r1lop; mod M
implies that rolips = rilop;. As this is an equality, fixing five variables fixes all six. Additionally,
fixing [y, pa, o fixes la,r1,p1 in Ayg up to factors of log M. Indeed, as l; = I, then p; must be a
prime divisor of o, so at most O(log M) possibilities. When l; # lo, then the equality r5l1ps = rlap]
implies that ls|rh, so up to O(log M) we saved a factor in L. Then, we can proceed as in Aqy.

Additionally, we can combine —71l1ps + T2lop1 + n = 0 mod p1p2 and n = 0 mod M to write
—T1l1p2 + T2l2p1 +n = 0 mod p1p2 M.

Asn « N eL/M is smaller than p;ps M, we know that for fixed ;, p;, 7; the n-sum has at most one
element, likewise for n’. Thus, we indeed have

. RM RM _LOM*
Y10 « (PML)*L*-L°. 37 pip € (PML) PINT
L3M?

Ay « (PML)EL“% « (PML)* =——.

Additionally, we show

I8 M4 P2\ 2 L3 M2 p2
211 < (PML)EW (1 + ./\/'0) and Al] < (PML)‘EW (1 + J\/b) .

Proof. We proceed like above. Firstly when Iy # ls. If p1 # po, then (n,pip2) = 1 and using
—T1lips + T2lopy + n = 0 mod p1pe we deduce r; = Tilyps mod p; and ro = —Tlop;. Using R > P in
the congruences, we save a factor of O(P) in each r; and r} sum. The congruence n =0 mod M saves
a factor of O(M) and likewise for the n’-sum. If p; = po, then the congruence conditions forces p|n.

'In [AHLS20], there is a small typo inverting I1p2 with lop;.

13



We must have |n| « N'T¢L/M, but combining M |n, p|n, and that N*T¢L/M < pM gives us n = 0.
We are left with r1ly = r2l; mod p1, thus fixing 71,12, l; saves another factor of O(P) in the 7o sum.
We proceed in the same way for the n',r%, sums. The case l; = [y follows the same argument. Thus,
we have

Y11 « (PML)*® (L8 [ LR’ <1 + Pz)r + I8 [IRQ]Q) < (PML)‘ngM4 <1 P2)27

P2 p2? Ny P3P N4p4 +J\/O
1 R? P? 1 R? P L3M? P2
er3 3 €
Ay « (PMLYL [22 (HN())] +L [ = <1+N0>] < (PML) 3505 <1+N0>.
O

5.2 When M does not divide n
This time Lemma [5.1] gives us

¢ O(M), if 1y —nlips = ro + nlapy; = 0 mod M
| O(M/2), otherwise.

Depending if 71 — Allyps = ro + Nlop; = 0 mod M or not, we write

Ay = Asg+ Ay and g =Yg + o1,

where
2 1
D Y ow
leL p1,p2€P P1P2 0#|r1|,|r2|«R |n|« N 21E2M
(r1,p1)=(r2,p2)=1___ — 9
’ ’ —71lp2+732lp1 +n=0 mod p1p2
n#Z0 mod M
r1—nlpa=re+nlp1=0 mod M
and

2

1

e 3 6 ¥ s 3 ) ul.
li#leL pr.pacp P1P2 0|r1||ra|<R |« N* 21p2M

(rip1)=(rz.p2)=1 —71l1p2+72l2p1 +n=0 mod p1p2

n#Z0 mod M
r1—nlip2=ro+mnlep; =0 mod M

Asq and Y57 are the other sums summing M 125 and not Ms. Opening the square, we write 3o and
Y91 as a sum over l;, n,n',r;,ri, pi,p; for i = 1,2. Then, we show

L5M* L3M?

22() < (PML)EW and AQ() < (PML)EW

Proof. We start by observing that |[nR| « N*PL < PM'~¢. Thus, when we merge the congruence
conditions on r; and 75 to get

nry =lipo mod M and nre = —lyp; mod M,

we actually have an equality. From this, we deduce l1pa/r1 = n = —lap1/ra, so we have l1pory =
—lap171. Therefore, fixing l1pars fixes the three others up to O(log M) like in . The same applies
for r} and r4 so that l1phrh = —lopr). If l; # lo, then ls must divide 5 which saves a factor of O(L)
in the r4-sum. Furthermore, fixing Iy, p, 5 fixes p} and r{ up to O(log M). The case I = lo makes
fixing p; and 71 fix po and 9 up to O(log M), and nr; = lpy fixes n. Therefore, we have

RM RM LSM*
220 < (PML)6L2L6WW<< (_PJZ\f.L)EW7
RM L3M?
4
AQ() ¢ (PML)EL m ¢ (PML)EW

14



Additionally, we show that

L8M* P2M
221 L (PML)E (1

2
L3M>/? P2M
PNt NO ) and Agl < (PML)E <]. ) .

No

Proof. Firstly, if p —1 # po, the congruence —71l1ps + T2lap1 +n = 0 mod pyps implies (n, p1p2) = 1.
As in the proof above, we can save a factor of O(P). When p; = po, the congruence condition forces
p|ln. Using ro = (7111 — n/p)l2 mod p, we see that we can save a factor of O(P) in each of the rq,r%,
and n/-sums. We repeat the same argument for the l; = I case. Thus, this gives us

1 R2 P2 2 1 R2 PM
s[1 R P2 /2 s 1/2
Yo1 « (PML) <L [P?P2 (1+N0>M ] T [P3 <1+ NO)M ] )

LEM>® (1 P2M>

PML)
«( ) Nip No

1 R2 P2M 1 R2 PM
A PMLY (L3 == (1 M2 4+ 13 14+ 27 ) M2
21 < ( )< [P2P2<+No> ] [P2P2<+No>

L3M>/? P2M
N2P2 Ny )

« (PML)*

6 Conclusion

The bounds for Ay, Ag, 31, Y5 imply

S*(N,No) « Ny (Aw + A1+ Aoy + Aoy + LF(E10+ X110 + 2o + Z21)1/2)
L3M?  L3M? (1 P2> L3M?  L3M5/2 < P2M>

puLy (M B
«No(PML) <P2N LT e R VA B =2 L 5 1 No

LSM*  L8M* P2\? LSM*  L8MP 217
- 2 (14 1
| pivz T paya ( + /\/0> t pinvz 1 piya ( No )
L3M?  LAMD/2 P2M
K No(PML)® [ N T PNz ( N )],

Inserting this into [13] and using |12 gives us

1/2
* N? 172y r1/2 L3M?2  LAMS/? P20
S*(N) « (NML PML P*M
(N) < (NMLY e No - NG )[P2N+P2N2 -
PNv? [L32M  L2M54  M3/AL52
€
«(PML) L2M1/? [PN1/2 Tty T PN1/2y ]
N2 1/242
« (PML)® [L1/2U + M342 4 N1/2L1/2M1/4v]

Recalling that v = M€ from , and using the above into @ gives us

N1/2L M M1/2 M3/4

S(N)
PM1/2 + PN1/2 + L1/2 + N1/2

N1/2

<« (PML)*® [

We now make the choice of P = M4+ and L = P'~¢. This ensures that the conditions , and
are satisfied and make the sum

S(N) £ M3/4 3/8
N2 <« M < + M3/8 ).
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Using we can take § = 1/4 which means that N > M3 and N « M?3*. We thus obtain
1
L (279®X> < M3/8+87

as desired, which proves [T'heorem 1.
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A Appendix

Lemma A.1l. (Stationary phase argument [LMS22, Lemma 3.3]) Let W (y) be a smooth, compactly
supported function on Rsq, and remind ourselves that

W (y) ==y W(y),

and .
Wg(y) = J W (z)2mi® Jy_1 (4m\Jyx)da,
0

where Jg is a Bessel-type kernel arising in the Hankel transform associated to a generic representation
of GL3(R). Then for any A > 0, we have

Wy (2) €a (z+v)74,

unless x = v2.

Proof. We want to show that the Hankel transform of W, ,(y) := y"*W (y) is negligibly small unless
x = v%. The Hankel transform is given by
Wy g(z) = 277] YJiw (AT J2y) W 4 (y)dy = 27Tf y W (y) Ji (4 [Ty ) dy,
0 0

where W (y) is a smooth function compactly supported on y = 1. For large v, we use the asymptotic
expansion of the Bessel function for large order (see [AS64, 9.2.1 p.364]):

Jin(z) > — (e 500D 4 mitmgie))

2Tz

Let z = 4n /xy. The transform becomes a sum of two integrals. The dominant contribution comes
from the term whose phase has a stationary point. Let’s consider the two phase functions:

o+ (y) = t4dm\/zy + viny.

We look for a stationary point by setting the derivative of the phase with respect to y to zero:

PN
Y Yy

Setting ¢’, (y) = 0 gives no solution for real and positive v, z,y. Setting ¢’ (y) = 0 at a point y. gives:

2
JINE LV gy = an g
VYe o Ye

¢ (y) =

16



Since W (y) is supported on y = 1, we must have y. =< 1 for the integral to be non-negligible. This

implies:
v = 27/,

which simplifies to
i or simply z = v?
47_[_2 p y - .

If this condition is not met, the phase function has no stationary point in the support of W (y). By

the principle of stationary phase, the integral is then rapidly oscillating and thus negligibly small.

Therefore, W, 4(z) is non-negligible only when z = v2.

O
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